
IV.3 Cup and Cap Product

Cup Product
coefficient: R, a commutative ring with 1.

������� 1 a ∈ Sp(X), b ∈ Sq(X), define a cup product of a and b, a∪b ∈ Sp+q(X):
Let λp : 4p →4p+q be a linear map determined by
(e0, · · · , ep) 7→ (e0, · · · , ep) < 4p+q (λp is called ”front p-face”)
ρq : 4q →4p+q

(e0, · · · , eq) 7→ (ep, · · · , ep+q) < 4p+q (ρq is called ”back q-face”)

�	�

e0 e1

e0 e1

e2

λ1 ρ1

Notation: a ∈ Sp, x ∈ Sp ⇒ a(x) =: (x, a) : pairing.
This induces a pairing on homology - cohomology level. 1

Define (σ, a∪ b) := (σλp, a)(σρq, b) and extend linearly on Sp+q, so that a∪ b ∈
Sp+q, where σ is a singular (p+ q)-simplex.
(1) ∪ is bilinear : clear

(2) ∪ is associative : (a ∪ b) ∪ c = a ∪ (b ∪ c), a ∈ Sp, b ∈ Sq, c ∈ Sr :
(σ, (a ∪ b) ∪ c) = (σλp+q, a ∪ b)(σρr, c) = (σλp+qλp, a)(σλp+qρq, b)(σρr, c)
(σ, a ∪ (b ∪ c)) = (σλp, a)(σρq+r, b ∪ c) = (σλp, a))(σρp+qλq, b)(σρq+rρr, c)
and it is easy to check σλp+qρq = σρq+rλq and σρr = σρq+rρr.

(3) 1 ∪ a = a ∪ 1 = a, 1 ∈ S0(X) with (x,1) = 1, ∀x ∈ S0(X)

∴ Let S∗ = ⊕
p
Sp. Then ∪ is defined on S∗ by extending linearly, i.e., a = Σ

p
ap ∈

1(ξ, α) = ([x], [a]) = (x, a)
(i)(x + ∂y, a) = (x, a) + (∂y, a) = (x, a)(∵ (∂y, a) = (y, δa) = 0)
(ii)(x, a + δb) = (x, a) + (x, δb) = (x, a)(∵ (x, δb) = (∂x, b) = 0)
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S∗, b = Σ
q
bq ∈ S∗ ⇒ a ∪ b = Σ

p,q
(ap ∪ bq) and ∪ is an associative product with 1

on S∗ giving a ring structure.(or R-algebra structure)

2. Derivation property : δ(a ∪ b) = δa ∪ b+ (−1)pa ∪ δb.
������� (σp+q+1, δ(a ∪ b)) = (∂σ, a ∪ b) =
p+q+1

Σ
0
(−1)i(σf i

p+q+1, a ∪ b) 2

=
p

Σ
0
(−1)i(σf i

p+q+1λp, a)(σf
i
p+q+1ρq, b) +

p+q+1

Σ
p+1

(−1)i(σf i
p+q+1λp, a)(σf

i
p+q+1ρq, b)

Note. 0 ≤ i ≤ p+ 1⇒ σf i
p+q+1λp = σλp+1f

i
p+1

0 ≤ i ≤ p⇒ σf i
p+q+1ρq = σρq

⇒
p

Σ
0
= (

p+1

Σ
0
(−1)iσλp+1f

i
p+1, a)(σρq, b)− (−1)

p+1(σf p+1
p+q+1λp, a)(σρq, b)

= ∂(σλp+1)
= (σ, δa ∪ b) + (−1)p(σλp, a)(σρq, b)

Similarly, p ≤ i ≤ p+ q + 1⇒ f i
p+q+1ρq = ρq+1f

i−p
q+1

p+ 1 ≤ i ≤ p+ q + 1⇒ f i
p+q+iλp = λp

∴
p+q+1

Σ
p+1

= (σλp, a)(
p+q+1

Σ
p
(−1)iσρq+1f

i−p
q+1, b)− (−1)

p(σλp, a)(σρq, b)

=
q+1

Σ
0
(−1)j+pσρq+1f

j
q+1 = (−1)

p∂(σρq+1)

= (−1)p(σ, a ∪ δb)− (−1)p(σλp, a)(σρq, b)

S∗ : a ring with respect to ∪
Z∗ = ⊕Zp : subring by derivation property
B∗ = ⊕Bp : ideal in Z∗

⇒ ∪ is induced on Z∗/B∗ = H∗ = ⊕Hp : a ”graded ring”(algebra) with 1.
(Note. 1 is a cocycle since δ1(e) = 1(∂e) = 1(e1 − e0) = 1− 1 = 0)

3. Let f : X → Y
⇒ f ](a ∪ b) = f ](a) ∪ f ](b) and hence f ∗(α ∪ β) = f ∗(α) ∪ f ∗(β)
(f ] = f̃] : S

∗(X)← S∗(Y ) and f ∗ : H∗(X)← H∗(Y ))

2f i
p : 4p−1 −→ 4p

(e0, · · · , ep−1) 7→ (e0, · · · , êi, · · · , ep)
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������� (σ, f ](a ∪ b)) = (f](σ), a ∪ b) = (f](σ)λp, a)(f](σ)ρq, b)
= (f · σ · λp, a)(f · σ · ρq, b) = (f](σ · λp), a)(f](σ · ρq), b)
= (σ · λp, f

]a)(σρq, f
]b) = (σ, f ]a ∪ f ]b)

∴ S∗, H∗ : contravariant functor T opology → Ring(R− algebra)

4. (anti-) commutativity
α ∈ Hp, β ∈ Hq ⇒ α ∪ β = (−1)pqβ ∪ α
This formula is not true on cochain level.( but almost true)
But true in simplicial case :
Let θp : 4p →4p

(e0, · · · , ep) 7→ (ep, · · · , e0)

To get the same oriented simplex, we have to multiply εp = (−1)
p(p+1)

2 so that
εpθp = id on the simplicial chain complex.

Let θ(σ) = εpσ · θp for both simplicial and singular case.
Then θ is a natural chain map :
(1) Show θ∂ = ∂θ :

∂θ(σ) = εp∂(σ·θp) = εp
p

Σ
0
(−1)iσθp·f

i
p = εpΣ(−1)

iσf p−i
p θp−1 = εp

p

Σ
0
(−1)p−jσf j

pθp−1 =

(−1)pεp
p

Σ
0
(−1)jσf j

pθp−1 = (−1)
pεpεp−1θ(∂σ) = θ(∂σ).

(2) Naturality :

S(X)
f] //

θX

²²

S(Y )

θY

²²

θ(f]σ) = εpf]σ · θp = εpf · σ · θp

S(X)
f] // S(Y ) = εpf](σ · θp) = f](εpσθp) = f](θ(σ)).

Now, (σ, θ̃(a ∪ b)) := (θ(σ), a ∪ b) = εp+q(σθp+q, a ∪ b)
= εp+q(σ · θp+qλp, a)(σ · θp+qρq, b)
= εp+q(σ · ρp · θp, a)(σ · λq · θq, b)
= εp+qεpεq(θ(σρp), a)(θ(σλq), b)
= (−1)pq(σρq, θ̃(a))(σλp, θ̃(b))
= (−1)pq(σ, θ̃(b) ∪ θ̃(a))

∴ θ̃(a ∪ b) = (−1)pqθ̃(b) ∪ θ̃(a)
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In simplicial case, θ = id ⇒ θ̃ = id ⇒ a ∪ b = (−1)p+qb ∪ a
In singular case, θ is not id but θ∗ = id on H∗, since θ : S(X) → S(X) is a
natural chain map and hence θ ' id by Acyclic model theorem.

∴ α ∪ β = (−1)pqβ ∪ α.

Recall Acyclic model theorem.

Acyclic Model Theorem

Let T be a category and C be a category of chain complexes and chain maps.
Let S and S ′ : T → C be functors andM⊂ Ob(T ).
(1)S ′ is acyclic relative toM, i.e., S ′(M) is acyclic for ∀M ∈M.
(2)S is free relative toM, i.e., ∀p,∃ an indexed family {Mα}α∈Jp and {iα}α∈Jp , Mα ∈
M, iα ∈ Sp(Mα) such that the indexed family {S(σ)iα}α∈Jp , σ ∈ hom(Mα, X)
is a basis for Sp(X).

Then (i) ∃ a natural transformation τ : S → S ′ which induces a given natural
transformation τ0 : H0(S)→ H0(S

′).
(ii) Given two each natural transformation τ and τ ′, τ ' τ ′.

5. Examples
(1) T = S1 × S1 ⇒ H2 = Z, H1 = Z⊕ Z, Ho = Z

= y

x

y

x

σ2

σ1

σ1 �� σ2 �� � �� ������� �� �! "$#% & 2-simplex '!(*)+(-,+( .(standard 3-simplex ./ vertex
0,1,2 �� �102$34 5768 9: ;=<?>A@B CBEDGFIHJ ; simplex K!L�MN( .)
∂(σ1− σ2) = 0 K!L+OP @B ζ = {σ1− σ2} ∈ H2

@B QRTSVUW K!L HJ ; H2 ./ generator K!L+OP @B
T 2 ./ fundamental orientation class X�(ZY[ \ MN( .
H1 ∼= Hom(H1,Z) K!L+OP @B H1 = Z ⊕ Z = 〈{x}, {y}〉 '!(])+( SVUW ({x}, {y}) ./ dual
basis α = {a}, β = {b} X�( H1 ./ basis X�(^Y[ \ MN( .
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_ (�'!( <?> ,
(ζ, α ∪ β) = (σ1 − σ2, a ∪ b)

= (σ1, a ∪ b)− (σ2, a ∪ b)
= (σ1λ1, a)(σ1ρ1, b)− (σ2λ1, a)(σ2ρ1, b)
= (x, a)(y, b)− (y, a)(x, b)
= ({x}, α)({y}, β)− ({y}, α)({x}, β)
= 1

K!L+OP @B , α ∪ β HJ ; H2 ./ generator K!L�MN( .
Ring structure of H∗(T 2):
This is generated by α and β with the relation α ∪ α = 0, β ∪ β = 0, α ∪ β =
−β ∪ α._ (�'!( <?> MN(I`a bTc� �ed  5gfR hjik MN( .

H∗(T,R) ∼= Λ(R2)

( K!Lmljn , cup product #% & wedge product o	prq F `ats Y[ \ MN( .)
uv w^x	y 20. Compute the cohomology ring of Σ2 = T]T .

(2) K=Klein bottle. ⇒ H2 = 0, H1 = Z⊕ Z/2, Ho = Z

Universal coefficient theorem zP @B|{}�~V� H∗(K;Z/2) : H2 = Z/2, H1 = Z/2 ⊕
Z/2, H0 = Z/2 hji� c� ��d  5�fR hjik MN( .

�� \=�� � ������� �� �! " K!L σ1 �� σ2 �� ���?�� ./ )+( SVUW
y

x

y

x

σ2

σ1

∂(σ1 + σ2) = 2y ≡ 0 (mod 2)

hji� c� ��d  5gfR hjik MN( . _ (N'!( <?> ζ = {σ1 + σ2} @B )+( SVUW H2 ./ genera-
tor X�(^Y[ \ MN( .

d  � <?>��� � (��!�� X�(���L @B α, β �� � {x}, {y} ./ dual K!L�'!(�)+(��� ���¡ 4¢£¥¤�¦ CB SVUW MN(I`a bg§ (j¨�©ªc� ��d  5�fR hjik MN( .
Ring structure of H∗(K;Z/2):
H∗(K;Z/2) is a ring generated by α, β with the relations : α2 = 0, αβ = βα =
β2.
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uv w^x	y 21. Compute the ring structure of H∗(P 2;Z/2).

6. Relative cup product

(1) Hp(X,A)×Hq(X)
∪
−→ Hp+q(X,A) is well defined:

Note. An element of Hp(X,A) can be represented by a cocyle in Sp(X) which
vanishes on Sp(A) :

0 Sp+1(A)oo Sp+1(X)oo Sp+1(X,A)oo 0oo

0 Sp(A)oo

OO

Sp(X)ĩoo

OO

Sp(X,A)
p̃oo

δ

OO

0oo

�� diagram o	p <?> ĩ HJ ; restriction map K!L«MN( . _ (�'!( <?> Sp(X,A) ./ cocycle #% & Sp(X) ./
cocycle ¬t® Sp(A) o	p restrict )+( SVUW 0 K!L°¯± HJ ; ²´³µ·¶¸ ¹ K!L�MN( .
Suppose a ∈ Sp(X,A) ⊂ Sp(X) (vanishing on A). Then a∪ b also vanishes on
A since front p-face of σ ∈ Sp+q(A) also lies in Sp(A).

(2) Hp(X,A)×Hq(X,A)
∪
−→ Hp+q(X,A) is a restriction of (1).

Cap product

7. The cap product is a bilinear pairing,

∩ : Sp+q(X)× Sp(X) −→ Sq(X)

given by (σ∩a, b) = (σ, a∪b), i.e., ∩a is the adjoint of a∪, or σ∩a = (σλp, a)σρq.
(⇒ ∩ : S∗(X)× S∗(X)→ S∗(X) : extend linearly)

8. (0) σ ∩ 1 = σ
(1) σ ∩ (a ∪ b) = (σ ∩ a) ∩ b
(2) ∂(σ ∩ a) = (−1)p(∂σ ∩ a− σ ∩ δa), σ ∈ Sp+q, a ∈ Sp
������� (0) clear from 1 ∪ b = b.
(1) ((σ∩a)∩b, c) = (σ∩a, b∪c) = (σ, a∪(b∪c)) = (σ, (a∪b)∪c) = (σ∩(a∪b), c)
(2) (∂(σ ∩ a), b) = (σ ∩ a, δb) = (σ, a ∪ δb)
= (−1)p((σ, δ(a ∪ b))− (σ, δa ∪ b)) = (−1)p((∂σ ∩ a, b)− (σ ∩ δa, b))

�� ./ (2) o	pE./ )+(»º½¼¾MN(I`a bTc� �ed  5gfR hjik MN( .
Cap product induces a bilinear pairing,

∩ : Hp+q(X)×Hp(X) −→ Hq(X)
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(∵ {σ} ∈ Hp+q(X), {a} ∈ Hp(X) '!(�)+( SVUW (2) o	p¿./ )+(Nº½¼
∂(σ ∩ a) = 0

K!L+OP @B σ ∩ a #% & cycle K!L�Y[ \ MN( . ÀÁEÂ»ÃÄ (2) o	p <?>
(∂τ) ∩ a = ±∂(τ ∩ a)± τ ∩ δa = ±∂(τ ∩ a)

K!L4��
σ ∩ δb = ±∂(σ ∩ b)± ∂σ ∩ b = ±∂(σ ∩ b)

K!L+OP @B homology o	p <?> ./ map K!LÆÅ  5 �?�� ./ Y[ \ MN( .)
9. f : X → Y ⇒ f](σ ∩ f ]a) = f]σ ∩ a. (Same for f∗ and f ∗)
�������

(f](σ ∩ f ]a), b) = (σ ∩ f ]a, f ]b)
= (σ, f ]a ∪ f ]b)
= (σ, f ](a ∪ b))
= (f]σ, a ∪ b)
= (f]σ ∩ a, b)

10. Relative cap product

∩ : Hp+q(X,A)×Hp(X,A) −→ Hq(X)(−→ Hq(X,A))

and ∩ : Hp+q(X,A)×Hp(X) −→ Hq(X,A)
are well-defined.
������� (1) z ∈ Zp+q(X,A), c ∈ Zp(X,A) '!( QRÇSVUW

∂z ∈ S(A)

K!L4��
c is a cocycle in Zp(X) which vanishes on Sp(A).

hji� c� �ÉÈ ¢£ MN( . _ (N'!( <?>
∂(z ∩ c) = ±(∂z) ∩ c± z ∩ (δc) = 03

K!L+OP @B z ∩ c HJ ; X ./ cocycle K!LÊ¯± ºÌËÎÍats]Ï?Ð� K!L^ÑÒ ÓÕÔ ¢£ MN( .
(2) z ∈ Zp+q(X,A), c ∈ Zp(X) '!( QRTSVUW

∂(z ∩ c) = ±(∂z) ∩ c± z ∩ (δc) = ±(∂z) ∩ c

o	p <?> ∂(z ∩ c) X�( A ./ chain K!L°¯± ºÌË z ∩ c HJ ; relative cycle K!L�Y[ \ MN( .
3∵ δc = 0 and ∂z ∈ A
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